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Abstract We analyze quasi-phase-matched (QPM) conversion efficiency of the five
possible types of periodic two-dimensional nonlinear structures: Hexagonal, square, rectan-
gular, centered-rectangular, and oblique. The frequency conversion efficiency, as a function
of the two-dimensional quasi-phase-matching order, is determined for the general case. Fur-
thermore, it is demonstrated for two basic feasible motifs, a circular motif and a rectangular
motif. This enables to determine the optimal motif dimensions for achieving the highest
conversion efficiency. We find that a rectangular motif is more efficient than a circular motif
for quasi-phase-matched processes that rely on a single reciprocal lattice vector (RLV), and
that under optimal choice of motif dimensions, it converges into a one-dimensional perio-
dic structure. In addition, in a few specific cases we found that higher order QPM can be
significantly more efficient than lower order QPM.

Keywords Quasi phase matching · Nonlinear photonic crystals · Nonlinear frequency
conversion · Second harmonic generation

1 Introduction

In recent years, since the introduction of two-dimensional nonlinear photonic crystals (2D
NLPC) by Berger (1998), there has been a growing interest in these structures and in their
potential applications. They were studied for non-collinear second harmonic generation
(SHG) (Broderick et al. 2000), for simultaneous wavelength interchange (Chowdhury et
al. 2001), for third and fourth harmonic generation (Broderick et al. 2002; Saltiel and Kiv-
shar 2000), and proposed for realization of all optical effects, e.g., all optical deflection and
splitting (Saltiel and Kivshar 2002). Various methods have been tested for fabrication of
2D NLPC, including electric field poling (Broderick et al. 2000; Chowdhury et al. 2001
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362 A. Arie et al.

Fig. 1 The five different types of Bravais lattices: (a) Hexagonal, (b) Square, (c) Rectangular, (d) Centered-
rectangular, where the dashed lines form a rectangle, (e) Oblique

Ni et al. 2003; Peng et al. 2003) and electron beam irradiation (Glickman et al. 2006) of
LiNbO3. Recently, two-dimensional nonlinear structures with quasi-periodic modulation
have been analyzed (Lifshitz et al. 2005) and experimentally demonstrated (Bratfalean et al.
2005).

As is well known from solid-state physics (Kittel 1995), 2D periodic structures can be
classified by five Bravais lattices: Hexagonal, square, rectangular, centered-rectangular, and
oblique, as can be seen in Fig. 1. In order to convert a lattice into a 2D NLPC, we convolve each
one of the lattice points with a nonlinear motif—i.e., some geometrical shape in which the
nonlinear coefficient sign is different from the background sign. For example, in ferroelectric
crystals, e.g., LiNbO3 and LiTaO3, the sign of the nonlinear coefficient can be locally inverted
by a domain reversal. In the first experimental demonstration of 2D NLPC by Broderick et al.
(2000), hexagonal lattice was used in LiNBO3, and the motif was also hexagonal. Usually,
in other materials, like glasses (Myers et al. 1991), only the motif is poled thus having a
non-zero nonlinear coefficient, whereas the remaining background is un-poled and therefore
has a zero nonlinear coefficient.

In order to optimally design and use a 2D NLPC, one needs to know the conversion
efficiency for any given lattice, its dependence on the shape and size of the motif, and its
dependence on the quasi phase matching (QPM) orders. Although part of the cases have been
discussed in previous works (Berger 1998; Wang and Gu 2001), as far as we know there is no
systematic study on the efficiency dependence of all the structure parameters. In this work,
we study the conversion efficiency of structures made of the five different Bravais lattices
and explicitly analyze for two basic feasible motifs, a circular motif and a rectangular motif.
We also determine the optimal dimensions of these motifs for some QPM processes in each
lattice.

The conversion efficiency for two of the five possible lattices (hexagonal and square), for
the case of a circular motif was previously studied by Wang and Gu (2001), with identical
results for the present analysis of square lattice, but some differences appear for the case of
hexagonal lattice. In addition they also analyze a triangular structure. We note that in the
photonic crystals community, a “triangular” lattice is what we refer to as hexagonal lattice,
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while “hexagonal” or “honey-comb” lattice is a hexagonal lattice with a missing point in the
middle of each hexagon. This “honey-comb” lattice can be analyzed using the tools presented
in this paper, e.g., it can be written as the difference between one hexagonal lattice with a
base vector of length a, and a second hexagonal lattice with a base vector of length

√
3a.

Our results for the hexagonal lattice are different than those of Wang and Gu (2001) for the
“triangular” as well as the “hexagonal” lattices.

As far as we know, 2D QPM conversion efficiency of rectangular, centered-rectangular, and
oblique structures have not been published before. In addition, previous publications (Berger
1998; Wang and Gu 2001) concentrated on circular motifs. Results concerning rectangular
motif have not been published previously.

A general analysis of quasi-phase-matched interactions in 2D NLPC is given in Sect. 2.
This includes a mathematical description of the real and reciprocal lattice, and analysis of the
effect of the lattice, motif and interaction area on the generated electric field and intensity.
In Sect. 3, the normalized conversion efficiency of the five 2D Bravais lattices with circular
and rectangular motifs is described, followed by a specific study of these motif optimum
dimensions for some specific QPM orders. The results are discussed and summarized in
Sect. 4.

2 General analysis of a periodic two-dimensional nonlinear photonic crystal

2.1 The real lattice

A two-dimensional nonlinear lattice is defined by two primitive, non-parallel vectors a1, a2,
so that each lattice point is given by

rmn = ma1 + na2 (1)

The lattice is represented by a set of distributed Dirac delta functions:

u (r) =
∑

m,n

δ (r − rmn) =
∑

m,n

δ (r − ma1 − na2) (2)

The lattice can be converted into a nonlinear photonic crystal by convolving the lattice points
with a suitable nonlinear optical motif. For example, we can have a circular pattern, defining
a positive value for the nonlinear coefficient, centered at each one of the lattice points. These
motifs are surrounded by a background with a different nonlinear coefficient. The pattern
outside the circular motifs, may be linear (zero nonlinearity, as for example is the case for
patterns made of poled and un-poled glass), or may have an opposite sign of the nonlinear
coefficient (as is the case in domain inverted ferroelectric crystals). For the case of circular
motif, the motif function s(r) is given by

s(r) = circ
( r

R

)
≡

{
1 r < R
0 elsewhere

(3)

where r = |r|.
Another possibility is a rectangular motif, defined as:

s(r) = s(x, y) = rect
( x

X

)
· rect

( y

Y

)
(4)
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where the rect function is defined by:

rect(x) =
{

1 |x | < 1/2
0 elsewhere

(5)

If the background is nonlinear (with opposite sign to the motif nonlinear coefficient) the
motif function has values of 1 and (−1) instead of 1 and 0. This amount in a DC shift in the
Fourier transform of the overall structure function (the result, as implied through Sect. 2.3,
is doubling of the electric field conversion efficiency for a QPM process). To simplify the
following analysis we shall assume first that the background has a zero nonlinear coefficient,
and later (in Sect. 3) adjust the final results in order to account for non-zero background.

The lattice area is restricted by the crystal physical size and by an effective interaction area.
Let us denote the area function as a(r). Let us assume that the area function is rectangular
with a length L and width W. In that case, the area function is:

a(r) = a (x, y) = rect
( x

L

)
· rect

( y

W

)
(6)

The relevant Cartesian component of the nonlinear dielectric tensor as a function of position
in a nonlinear photonic crystal can be therefore expressed mathematically as

χ
(2)
i j (r) = 2di j × g(r) = 2di j × a(r) × [u(r) ⊗ s(r)] (7)

where di j is the value of the nonlinear susceptibility tensor for the Cartesian indices i and
j , and ⊗ is the convolution operator. g(r) is a normalized and dimensionless function that
represents the space dependence of the nonlinear coefficient function.

2.2 The reciprocal lattice

Similar to the analysis of crystals in solid-state physics (Kittel 1995), it is useful to define
a reciprocal lattice for u(r) using two primitive vectors that together with the direct lattice
primitive vectors obey the following orthogonality relation:

ai · bj = 2πδij (8)

The reciprocal lattice points are given by

Kmn = mb1 + nb2 (9)

The reciprocal lattice function is the two-dimensional Fourier transform of the direct (or
“real”) lattice function:

U (f) = 1

AUC

∑

m,n

δ

(
f − mb1

2π
− nb2

2π

)
= (2π)2

AUC

∑

m,n

δ (K − mb1 − nb2)

= (2π)2

AUC

∑

m,n

δ (K − Kmn) (10)

Here AUC = ∣∣a1x a2y − a1ya2x
∣∣ is the area of the unit cell (Giacovazzo et al. 2002), f is the

spatial frequency in the two-dimensional Fourier space, K = 2πf and a1 = (
a1x , a1y

)
, a2 =(

a2x , a2y
)
.

For the following discussion, it is also useful to calculate the Fourier transform of g(r):

G(f) = FT {g(r)} = U (f) ⊗ A(f) × S(f) (11)
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Where A(f) and S(f) are the Fourier transform functions of the area function and motif
function, respectively.

For some specific motif functions, S(f) is known analytically. For example, in the case of
circular motif of radius R, the Fourier transform is:

S(f) = R

f
J1 (2π Rf) , f = |f| =

(
f 2
x + f 2

y

)1/2
(12)

And for a rectangular motif:

S (f) = S
(

fx , fy
) = XY sinc ( fx X) sinc

(
fyY

)
(13)

where the sinc function is defined as sinc(x) ≡ sin (πx)/(πx).
Similarly, the Fourier transform of a rectangular area function of dimensions L × W is:

A(f) = A
(

fx , fy
) = LW sinc ( fx L) sinc

(
fy W

)
(14)

For the case of infinite area, (L , W much larger than the unit cell dimensions), the space-
dependent part of the nonlinear susceptibility can be expressed as the following sum:

g(r) =
∑

m,n

Gmn exp (−iKmn · r) (15)

This equation shows clearly the relation between the reciprocal lattice vectors (RLV) and the
nonlinear susceptibility as a function of space.

In this case the Fourier coefficient becomes

Gmn = 1

AUC
S (Kmn/2π) (16)

As will be shown in the next section, the conversion efficiency in a 2D NLPC is proportional
to |Gmn |2. Equation 16 shows the combined effect of the lattice (through the unit cell area),
the motif (through its Fourier transform function S) and the QPM orders m, n on the nonlinear
process.

2.3 Wave equations in 2D NLPC

We consider now the case of second harmonic generation in a 2D NLPC. The results shown
here can be easily generalized to other second-order nonlinear processes, e.g., sum frequency
generation and difference frequency generation. We assume that a plane wave at the frequency
ω propagates in the transverse plane of a 2D NLPC. This wave generates a second harmonic
wave owing to the second order susceptibility of the material. We assume that the fundamental
frequency is linearly polarized along one of the 2D NLPC axes, and we concentrate only in
a specific linear polarization of the generated second harmonic wave. The coupling between
the two beams is given by the appropriate element of the nonlinear susceptibility tensor di j .

Let us write the relevant component of the second harmonic wave as

Ẽ2ω (r, t) = 1

2
E2ω (r) exp [i (2ωt − k2ω · r)] + c.c. (17)

We assume that the nonlinear conversion efficiency is low, hence the pump amplitude can
be assumed constant throughout the entire interaction length (non-depletion approximation).
We further assume that the slowly varying envelope approximation applies for the second
harmonic wave. Under these assumptions it can be shown that:

k2ω · ∇E2ω (r) = −i
ω2

c2 E2
ωχ

(2)
i j (r) exp [i (k2ω − 2kω) · r] (18)
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If the 2D NLPC is large enough we can use Eq. 15 for the second order susceptibility, and
so:

k2ω · ∇E2ω (r) = −2i
ω2

c2 E2
ωdi j

∑

mn

Gmn exp [i (k2ω − 2kω − Kmn) · r] (19)

Significant build-up of the second harmonic wave requires phase matching, i.e.,

k2ω − 2kω − Kmn ≈ 0.

This phase-matching condition is just a crystal-momentum conservation law: the required
momentum balance for the interaction is accomplished through a RLV. Usually we can assume
that if the phase matching condition is achieved by some order (m, n), it would be the only
order which contributes to the build-up of the second harmonic while all the other orders
contributes negligible oscillating terms.

This process can also be analyzed in Fourier space by integrating Eq. 18 above over a
rectangular area of width W and length L (see an example (Russel et al. 2001)). The result
is the second harmonic amplitude after an interaction length of L:

E2ω (�k) = −2iω2 E2
ωdi j

k2ωc2W

∫∫

A
g (r) exp (−i�k · r) da (20)

where �k = k2ω −2kω is the phase-mismatch vector. If the integration area is given through
the function a(r) defined in Sect. 2.1, we can use g(r) = a(r) × (u (r) ⊗ s (r)) and set the
integration limits to infinity and so:

E2ω (�k) = κ

W
G (�k) (21)

where G(�k) is just the two-dimensional Fourier transform of g(r) and κ is a constant
defined as:

κ = −2iω2 E2
ωdi j

k2ωc2 = −iωE2
ωdi j

n2ωc
(22)

From Eq. 21 we can see that the field amplitude evaluation for some specific phase mismatch
value �k = �k0 is proportional to |G (�k0)|.

If phase matching condition is achieved by some order (m, n) then the integral above is
dominated by this order and we can write:

E2ω (�k ≈ Kmn) ∼= κLGmn exp

[
−i

(
�kmn,x L

2
+ �kmn,y W

2

)]

×sinc

(
�kmn,x L

2π

)
sinc

(
�kmn,y W

2π

)
(23)

where �kmn = �k − Kmn = �kmn,x x̂ + �kmn,y ŷ.
For perfect quasi-phase-matching �kmn,x = �kmn,y = 0 and so:

E2ω (�k = Kmn) ∼= κLGmn (24)

The fundamental and second harmonic amplitudes are related to the corresponding intensities
by:

Iω = 1

2
nω

√
ε0

µ0
|Eω|2 , I2ω = 1

2
n2ω

√
ε0

µ0
|E2ω|2 (25)
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Hence, the intensity of the second harmonic for the case of perfect quasi-phase-matching
after an interaction length L is:

I2ω (L) = 2ω2d2
i j |Gmn |2

n2ωn2
ωc3ε0

I 2
ωL2 (26)

and so the interaction efficiency is proportional to the absolute square of the relevant Fourier
coefficient|Gmn |2. We shall now relate to |Gmn |2 as the normalized efficiency.

3 Conversion efficiency for specific types of 2D periodic structures

3.1 General expressions for Fourier coefficients

Without loss of generality, we can define the coordinate system so that one of its axes is in
the same direction as that of the a1 primitive vector. Denoting the angle between the two
primitive vectors as γ , the primitive vectors of the real and reciprocal lattice are:

a1 = (a1, 0) , a2 = (a2 cos γ, a2 sin γ )

b1 = 2π

a1

(
1,− 1

tan γ

)
, b2 = 2π

a2

(
0,

1

sin γ

) (27)

We shall now analyze the conversion efficiency of the five possible 2D lattices. For each one
of them we present in Table 1 the primitive vectors, RLVs and the unit cell areas.

As was shown in the previous section, the nonlinear conversion efficiency depends on
the Fourier coefficient Gmn of the normalized nonlinear susceptibility. These Fourier coef-
ficients are presented in Table 2a and b for each one of the lattice types for two different
motifs, circular, and rectangular, respectively. These two motifs were chosen since they re-
present two basic cases of two-dimensional modulation of the nonlinear coefficient. The
circular motif is suitable for materials that are nearly isotropic in the X–Y plane. Nearly
circular motifs have been demonstrated experimentally in two-dimensionally poled LiNbO3

(Ni et al. 2003; Glickman et al. 2006). On the other hand, a rectangular motif is suitable

Table 1 Primitive vectors, RLVs, and unit cell area for the five lattice types

Lattice types Primitive vectors RLVs Unit cell area

Hexagonal γ = 120◦ a1 = (a, 0)

a2 = a
(
− 1

2 ,

√
3

2

) b1 = 2π
a

(
1, 1√

3

)

b2 = 4π

a
√

3
(0, 1)

AUC = a2√
3

2

Square γ = 90◦ a1 = (a, 0)

a2 = (0, a)

b1 = 2π
a (1, 0)

b2 = 2π
a (0, 1)

AUC = a2

Rectangular γ = 90◦ a1 = (a1, 0)

a2 = (0, a2)

b1 = 2π
a1

(1, 0)

b2 = 2π
a2

(0, 1)
AUC = a1a2

Centered-rectangular γ ∈ [
0o, 90◦] a1 = (a, 0)

a2 = a
(

1
2 , 1

2 tan γ
) b1 = 2π

a

(
1, −1

tan γ

)

b2 = 4π
a

(
0, 1

tan γ

) AUC = a2

2 tan γ

Oblique γ ∈ [
0◦, 180◦] a1 = (a1, 0)

a2 = a2 (cos γ, sin γ )

b1 = 2π
a1

(
1, −1

tan γ

)

b2 = 2π
a2

(
0, 1

sin γ

) AUC = a1a2 sin γ
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Table 2 Fourier coefficient of a (a) circular motif and (b) rectangular motif

Lattice types Fourier coefficients

(a) Fourier coefficient of a circular motif

Hexagonal Gmn = 2R
a
√

m2+n2+mn
J1

(
4π R
a
√

3

√
m2 + n2 + mn

)

Square Gmn = 2R
a
√

m2+n2
J1

(
2π
a R

√
m2 + n2

)

Rectangular Gmn = 2R√
(ma2)2+(na1)2

J1

[
2π R

√(
m
a1

)2 +
(

n
a2

)2
]

Centered-rectangular Gmn = 2R·2 cos γ

a
√

m2+4n2 cos2 γ−4mn cos2 γ
J1

(
2π R

a sin γ

√
m2 + 4n2 cos2 γ − 4mn cos2 γ

)

Oblique Gmn= 2R
√

a1a2

√
m2a2

a1
+ n2a1

a2
−2mn cos γ

J1

(
2π R

sin γ
√

a1a2

√
m2a2

a1
+ n2a1

a2
− 2mn cos γ

)

(b) Fourier coefficient of a rectangular motif

Hexagonal Gmn = 4XY
a2

√
3

sinc
(

m X
a

)
sinc

[
Y

a
√

3
(m + 2n)

]

Square Gmn = 2XY
a2 sinc

(
m X

a

)
sinc

(
n Y

a

)

Rectangular Gmn = 2XY
a1a2

sinc
(

m X
a1

)
sinc

(
n Y

a2

)

Centered-rectangular Gmn = 4XY
a2 tan γ

sinc
(

m X
a

)
sinc

[
Y

a tan γ (−m + 2n)
]

Oblique Gmn = 2XY
a1a2 sin γ

sinc
(

m X
a1

)
sinc

[
Y

sin γ

(−m cos γ
a1

+ n
a2

)]

for strongly an-isotropic materials. For example, electric-field poling of KTiOPO4 usually
results in lines parallel to the Y axis, hence a rectangular motif is the suitable choice for
two-dimensional modulation of the nonlinear coefficient (Jankovic et al. 2003). A numeri-
cal optimization procedure for general shapes of motifs was given by Norton and de-Sterke
(2003), however its experimental implementation requires to modulate the nonlinear coeffi-
cient with high spatial resolution.

According to Eq. 12, the Fourier transform of a circular motif with a radius R, depends on
a 1st order Bessel function. In Table 2a we present the Fourier coefficients for all five lattice
types with a circular motif as function of R, the primitive vectors magnitude and the QPM
orders (m, n).

The Fourier transform of a rectangular motif with length X and width Y , acts as a two-
dimensional sinc function, see Eq. 13. Note that under the selection of primitive vectors
(Eq. 27), one of the rectangular motif’s edges is parallel to a1. The Fourier coefficient for a
lattice with a rectangular motif is a function of the motif dimensions (X, Y ), the primitive vec-
tors magnitude and the relevant QPM order (m, n). Table 2b displays it for all five lattice types.

Note that the Fourier coefficients in Table 2a and b are suitable for the case in which
the background has an opposite nonlinear coefficient with respect to the motif. This is the
case for domain-inverted ferroelectrics. If the background has zero-nonlinearity, the Fourier
coefficients in the two tables should be multiplied by 1/2.

3.2 Efficiency for specific QPM orders

We shall now examine in more detail the efficiency as a function of the ratio between the motif
size and the primitive vectors magnitude, for specific QPM orders. This enables to determine
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the highest possible efficiency for a given structure and the required dimensions and shape
of the motif. Furthermore, it allows determining motif shapes that will completely null the
nonlinear conversion efficiency (which, for example, can be useful to nullify unwanted pro-
cesses). We concentrate on three out of the five lattice types, namely the hexagonal, square,
and rectangular lattices. For the other two lattices (centered-rectangular and oblique), the mo-
tif dimension and the efficiency will depend on the angle γ between the two primitive vectors.

We chose two specific QPM orders: (m, n) = (1, 0) and (m, n) = (1, 1). The first one
is usually the most efficient process in a 2D nonlinear structure, however it relies on only
one of the two primitive vectors. The second order is usually the most efficient process that
relies on both primitive vectors although, as shown below, in some cases one may get higher
efficiency with a different choice of (m, n) order.

In Sect. 3.2.1 we examine the normalized efficiency as a function of the ratio between
the circle radius and a primitive vector length in the case of a circular motif. In Sect. 3.2.2
we study the normalized efficiency as a function of the ratio between one of the rectangle
dimensions and the length of a primitive vector in the case of a rectangular motif.

3.2.1 Circular motif

In the following analysis, we shall limit the motif size, in order to avoid overlap between
motifs of adjacent lattice points. For each lattice, this sets the maximum allowed motif size.

For a hexagonal lattice, due to the fact that the two primitive vectors have the same
magnitude and an angle of 120◦ between them, the radius of the circular motif has possible
values from zero to half the primitive vector magnitude a. Figure 2 displays the normalized
efficiency of a hexagonal lattice with a circular motif for the two QPM orders mentioned
before, as a function of the R/a ratio. In the drawings of 2D NLPCs in Figs. 2–7, the gray
areas represent a certain sign of the nonlinear coefficient, whereas the white areas represent
the opposite sign. As can be seen, the order (m = 1, n = 0) is more efficient, as expected,
and the maximum efficiency (0.118) is achieved when R/a = 0.331. For (m = 1, n = 1),
the maximum efficiency is 0.03 when R/a = 0.439. Also note that for R/a = 0.305 the
efficiency of the (1, 1) QPM order drops to zero.

In the case of square lattice, the radius of the circular motif has possible values from zero
to half the primitive vector magnitude a in order to prevent overlapping. This is the same

Fig. 2 Normalized efficiency for
a hexagonal lattice with circular
motif as a function of the motif
radius to primitive vector
magnitude ratio. Solid and
dash-dot lines represent the
efficiency curves for QPM orders
(1, 0) and (1, 1), respectively.
The insets show the shape of the
2D NLPC for R/a ratios that
maximize the (1, 0) and (1, 1)

QPM processes
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Fig. 3 Normalized efficiency for
a square lattice with circular
motif as a function of the motif
radius to primitive vector
magnitude ratio. Solid and
dash-dot lines represent the
efficiency curves for QPM orders
(1, 0) and (1, 1) respectively. The
insets show the shape of the 2D
NLPC for R/a ratios that
maximize the (1, 0) and (1, 1)

QPM processes

range as in the first case of a hexagonal lattice. The normalized efficiency of the (1, 0) and
(1, 1) orders as a function of the normalized motif radius is shown in Fig. 3.

The maximum efficiency of the (1, 0) order is 0.158 when R/a = 0.383, and for the (1, 1)

order the maximum efficiency is 0.04 when R/a = 0.271. Note that in both cases, the square
lattice is more efficient than the hexagonal lattice. Also note that the efficiency of the (1, 1)

order is zero for R/a = 0.431.
For a rectangular lattice, and for the (1, 0) QPM order, the Fourier coefficient is composed

of two independent functions:

G10 = 2R

a2
· J1

(
2π R

a1

)
(28)

The left expression on the right hand side depends only on R/a2, whereas the right expression
is a Bessel function which depends only on R/a1. The maximum value of G10 is equal to
the multiplication between the maximum of each one of the functions. It is easy to see
that the maximum of the first function is achieved when R/a2 is set to the maximum value
of 0.5. In this case, the motifs of adjacent lattice points along the a2 direction are just
touching each other. Figure 4 shows the normalized efficiency |G10|2 as function of R/a1,
when R/a2 = 0.5. Note that in this case, the rectangular lattice is the most efficient structure,
and provides significantly higher efficiency with respect to the hexagonal and rectangular
lattice. Also note that the shape of the optimal lattice (for phase matching a single process),
see inset of Fig. 4, is similar to that of a one-dimensional periodic structure. As will be shown
below, if a rectangular motif is used instead of a circular motif, the optimal lattice shape
becomes identical to a one-dimensional structure.

For the (1, 1) order, the maximum efficiency is similar to the case of a square lattice
(|G11|2 = 0.04 when R/a1 = R/a2 = 0.271).

3.2.2 Rectangular motif

In order to prevent overlapping of rectangular motifs of adjacent lattice points, the possible
ratios between the motif dimensions and the primitive vectors are:

0 < X < a1; 0 < Y < a2 sin γ (29)
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Fig. 4 Normalized efficiency for
a rectangular lattice with circular
motif for m=1, n=0, R/a2=0.5
as a function of the motif radius
to primitive vector magnitude
ratio. The inset shows the 2D
NLPC for a specific R/a1 ratio
that maximizes the efficiency

In case of a hexagonal lattice, the Fourier coefficient is composed of two independent sinc
functions, see Table 2b. Hence, the maximum Fourier coefficient is equal to the multiplication
between the maximum of each one of the independent functions.

For the (1, 0) QPM order the maximum value of |G10|2 is equal to 0.164 and it is achieved
when X = 0.5a and Y = a

√
3/2 = a sin 120◦, the structure has the shape of a chess-board.

Note that this is ∼39% times more efficient than the Fourier coefficient in the case of a
circular motif, where |G10|2 is 0.118.

For the (1, 1) QPM order, the maximum value of |G11|2 is equal to 0.018 and it is achieved
when X = 0.5a and Y = a/2

√
3 = a sin 120◦/3. Unlike the (1, 0) order, this is less efficient

than the circular motif, where |G11|2 = 0.0298. The (1, 1) QPM order has another maximum
with the same efficiency when X = 0.5a, Y = a

√
3/2 = a sin 120◦, which is also the optimal

choice for the (1, 0) order. In addition, the efficiency of the (1, 1) QPM order becomes zero
when X = 0.5a and Y = 0.578a = a sin 120◦ × 0.667.

An interesting phenomenon occurs for the (2,−1) QPM order. Usually, the efficiency is
inversely proportional to the square of the QPM order indices m and n, hence we expect
that as (m, n) becomes higher, the maximum normalized efficiency will drop. However,
as seen in Fig. 5, the maximum value

∣∣G2(−1)

∣∣2 = 0.1013 is considerably higher than the
maximum value of |G11|2. This effect can be understood by examining the normalized
efficiency expression in Table 2b. The Fourier coefficient is a product of two sinc functions,

one that depends on m X/a and the other that depends on (m + 2n)Y
/(

a
√

3
)

. Hence, for

the (2,−1) order, the argument of the second sinc function becomes zero, and the maximum
unity value is obtained. This can be explained by noticing that the reciprocal lattice vector
K2(−1) is shorter than the K11 vector. In fact, for any (m, n) values that satisfy m + 2n = 0
the QPM process will be more efficient than neighboring orders in which this condition is not
satisfied. Conditions for efficient QPM orders with high (m, n) values can also be derived in
the case of centered-rectangular and oblique lattices, for the circular motif and rectangular
motif using Table 2a and b, respectively.

The highest efficiency of a hexagonal lattice, with our specific choice of rectangular motif
is obtained for the (0, 1) order. In this case, by selecting X = a and Y = a

√
3/4 the

rectangular motifs merge into a continuous line in the X direction as can be seen in Fig. 6a,
and we obtain exactly a one-dimensional periodic structure, with a normalized efficiency
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Fig. 5 Normalized efficiency of
a hexagonal lattice with a
rectangular motif
Y/a sin 120◦ = 1 as a function of
the motif length to primitive
vector magnitude ratio. Solid,
dash-dotted, and dotted lines
representing the efficiency curves
for the (1, 0), (1, 1) and (2, −1)

QPM orders, respectively. The
three insets show the 2D NLPC
for specific X/a ratios that
maximize the efficiency for these
orders

Fig. 6 A hexagonal lattice with a rectangular motif: (a) motif’s edges parallel to a1, X = |a1| = a (b) motif’s
edges parallel to a2, Y = |a2| = a

Table 3 Maximum of squared Fourier coefficient for rectangular lattice with rectangular motif

QPM order Max of squared Fourier coefficient X
a1

Y
a2

m = 1, n = 0
∣∣Gmax

10

∣∣2 = 0.405 0.5 1

m = 1, n = 1
∣∣Gmax

11

∣∣2 = 0.041 0.5 0.5

of |G01|2 = 0.405 = (2/π)2. This is the same optimal efficiency (for phase matching a
single process) as that of a one-dimensional structure (Fejer et al. 1992). We note that with a
different choice of rectangular motif, having edges parallel to a2, rather than to a1, one can
get the same convergence into a one-dimensional periodic structure and the same efficiency
for the (1, 0) order, as shown in Fig. 6b.

In the cases of rectangular and square lattices, the efficiency is also given by a multiplica-
tion of two sinc functions, as can be seen in Table 2b. This enables to optimize separately the
X and Y values of the rectangular motif. Table 3 shows the maximum values of the squared
Fourier coefficient for (m, n) = (1, 0) and (m, n) = (1, 1) for rectangular lattice.
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Fig. 7 (a) 2D rectangular lattice with Y/a2 = 1 (b) 1D lattice

In the case of a rectangular lattice and for the (1, 0) order, the optimum is obtained when
X/a1 = 0.5, Y/a2 = 1. Note that this means that the rectangles along the a2 direction merge
into a continuous line, as shown in Fig. 7. Hence, the two-dimensional structure becomes
identical to a one-dimensional structure, in a similar fashion to the previously discussed
(0, 1) QPM order in a hexagonal lattice. Furthermore, it is easy to show that for an (m, 0)

order, the Fourier coefficient of a rectangular lattice, with coinciding rectangles in the Y
direction, i.e., Y/a2 = 1 is given by

Gm0 = 2

mπ
sin

(
mπ

X

a1

)
(30)

which is exactly the Fourier coefficient of a 1D structure with a duty cycle of X/a1 for an
mth order QPM process (Fejer et al. 1992).

In fact, for all the five Bravais lattices, if we rely on a single reciprocal lattice vector, the
optimal motif is a rectangular motif, and with suitable orientation of this motif, it converges
into a one-dimensional periodic structure. Usually, a two-dimensional periodic structure is
needed when more than one reciprocal lattice vector is required. Our analysis shows that
there can be a continuous transition from a two-dimensional to a one-dimensional periodic
structure. In addition, the values of the one-dimensional structure set the maximum limit on
the conversion efficiency for the two-dimensional structure.

4 Discussion and summary

In this paper, we have presented a general analysis of quasi-phase-matched conversion effi-
ciency in all possible periodic two-dimensional structures. This analysis enables to design
and analyze structures for two-dimensional quasi-phase-matched frequency conversion, in
any given periodic lattice and in any chosen QPM order.

We have shown that the conversion efficiency for optical intensities of a QPM process of
some (m, n) order scales as |Gmn |2. The value of the Fourier coefficient Gmn depends both
on the choice of the periodic lattice and on the shape and dimensions of the nonlinear motif.
A general expression that includes the effects of lattice, motif, and QPM order was derived
in Eq. 16. The conversion efficiency is also determined by the interaction area, defined by the
2D NLPC area and beam parameters. We have analyzed two specific motifs, a circular motif
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that may be realized in materials that are nearly isotropic in the X–Y plane, and a rectangular
motif that can be used in highly anisotropic materials. The values of Gmn for all five possible
periodic lattice structures and for the two choices of motifs are given in Table 2a and b.

Some specific examples of conversion efficiency were considered for two QPM orders,
namely (m, n) = (1, 0) and (m, n) = (1, 1), for the cases of hexagonal, square, and rectan-
gular lattices. We have found that for one single order that relies on a single reciprocal lattice
vector, like (1, 0) or (m, 0), the highest efficiency is obtained with a rectangular motif. In fact,
the optimal condition for phase matching a single process is such that the rectangular motifs
of adjacent lattice point merge into a continuous line, and the structure becomes identical
to a 1D QPM structure. If a circular motif is used, the rectangular lattice is the best choice
in terms of efficiency for the (1, 0) order, and the optimal condition is such that the circular
motifs of adjacent lattice point just touch one another.

An interesting, and somewhat surprising result is that some specific choices of (m, n)

QPM orders can provide significantly higher conversion efficiency than that of neighboring
QPM orders. This can happen in hexagonal, centered-rectangular, and oblique lattices. For
example, we have shown that the maximum efficiency of the (2,−1) order in a hexagonal
lattice with rectangular motif is five times more efficient than that of the (1, 1) order.
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